Abstract. In this paper, we study conformal Ricci solitons in fKenmotsu manifolds. We derive conditions for f -Kenmotsu metric to be a conformal Ricci soliton.
Introduction
Ricci solitons are self-similar solutions to the Ricci flow ∂g ∂t = −2S(g(t)) introduced by Hamilton [10] in 1982. These special solutions move under the Ricci flow simply by diffeomorphisms of the initial metric, that is g(t) = σ(t)φ
The Ricci soliton is considered as natural generalization of Einstein metric and is defined on a Riemannian manifold (M, g) by (L V g)(X, Y ) + 2S(X, Y ) + 2λg(X, Y ) = 0, (1.1) where L V denote the Lie-derivative operator along a vector field V, λ is a scalar, g is a Riemannian metric, S is the Ricci tensor and X and Y are arbitrary vector fields on M . The Ricci soliton is said to be shrinking, steady and expanding according as λ < 0, λ = 0 and λ > 0, respectively. The unit volume constraint plays a significant part in traditional Ricci flow equation. In 2004, Fischer [8] established the concept of conformal Ricci flow which is a variation of the classical Ricci flow equation that modifies the unit volume constraint of that equation to a scalar curvature constraint.
Let M be a smooth closed connected oriented n-manifold. The conformal Ricci flow equations on M are defined by
where p is a non-dynamical scalar field(time dependent scalar field), r(g) is the scalar curvature of the manifold and n is the dimension of the manifold M .
The conformal Ricci flow equations are analogous to the Navier-Stokes equations of fluid mechanics and because of this analogy the time dependent scalar field p is called a conformal pressure and, as for the real physical pressure in fluid mechanics that serves to maintain the incompressibility of the fluid, the conformal pressure serves as a Lagrange multiplier to conformally deform the metric flow so as to maintain the scalar curvature constraint. The equilibrium points of the conformal Ricci flow equations are Einstein metrics with Einstein constant −1 n . Thus the conformal pressure p is zero at an equilibrium point and positive otherwise. Basu and Bhattacharya [2] introduced the notion of conformal Ricci soliton equation as
where λ is a constant.
In 1972, Kenmotsu [12] introduced and studied a new class of almost contact metric manifolds, later known as Kenmotsu manifolds. Olszaka and Rosca [14] studied f-Kenmotsu manifold, an almost contact metric manifold which is normal and locally conformal almost cosymplectic. Further they gave a geometric interpretation of f -Kenmotsu manifold and proved that a Ricci symmetric f -Kenmotsu manifold is an Einstein manifold.
Initially, Sharma [18] started the study of Ricci solitons in contact manifolds. Later Tripathi [20] , Bejan and Crasmareanu [3] , Ghosh [9] , and Nagaraja and Premalatha [13] have extensively studied Ricci solitons in contact metric manifolds. Calin and Crasmareanu [5] devoted their work to the Eisenhart problem in a f -Kenmotsu manifold and its relationship with the Ricci soliton. Yildiz, et al. [21] generated some interesting results on Ricci solitons in 3-dimensional f -Kenmotsu manifolds. Recently, Basu, Bhattacharya and Dutta [1, 2] established some results on conformal Ricci solitons in Kenmotsu manifolds and trans-Sasakian manifolds.
Preliminaries
An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold if there exist on M a (1, 1)-tensor field φ, a vector field ξ (called the structure vector field) and a 1-form η such that
In particular on an almost contact metric manifold, we also have
for all vector fields X, Y on M . An almost contact metric manifold is said to be a f -Kenmotsu manifold [12] if
where f ∈ C ∞ (M ) is such that df ∧ η = 0. If f = β = constant = 0, then the manifold is an β-Kenmotsu manifold. The 1-Kenmotsu manifold is a Kenmotsu manifold. If f = 0, then the manifold is cosymplectic.
For the f -Kenmotsu manifold, from (2.4), we derive 5) where ∇ denotes the Riemannian connection of g. The condition df ∧ η = 0 holds if dimM ≥ 5. In general, that is not true if dimM = 3 [14] .
In a f -Kenmotsu manifold, we have We call it as an Einstein manifold.
Three-dimensional Kenmotsu manifold and Conformal Ricci soliton
In a 3-dimensional f -Kenmotsu manifold, we have
where r is the scalar curvature. From (3.1) and (3.2) we have
3)
Naturally, two situations appear regarding the vector field V : V ∈ spanξ and V ⊥ ξ. We consider the case V = ξ. From (2.5), it follows that
In view of (1.2) and (3.5), we get
where
+ 2f . Thus we state the following:
Suppose that 3-dimensional f -Kenmotsu manifold admits a conformal Ricci soliton. Since 2λ − p + 
where h(ξ, ξ) is given by the formula
g. By using (1.2), we get
Hence we state that:
Theorem 3.1. In a 3-dimensional regular f -Kenmotsu manifold admitting conformal Ricci soliton with f as a constant, the constant λ is always positive.
Corollary 3.1. In a 3-dimensional Kenmotsu manifold admitting conformal Ricci soliton, the constant λ is always positive.
Corollary 3.2. In a 3-dimensional cosymplectic manifold admitting conformal Ricci soliton, the constant λ is always positive.
Let V be pointwise collinear with ξ, i.e., V = bξ, where b is a function on the 3-dimensional f -Kenmotsu manifold. Then
Applying the property of Lie derivative and Levi-Civita connection, we have
Replacing Y by ξ and using (3.4) in the above equation, we get
Setting X = ξ in (3.10), we get
Substituting this quantity in (3.10), we have
Applying exterior differentiation in (3.11), we have
Since dη = 0, we have
Using (3.13) in (3.12), we get Xb = 0. It follows from (3.9) that
Putting X = Y = e i in (3.14), where {e i } is orthonormal basis of the tangent space T M and summing over i we get,
Now for conformal Ricci soliton r = −1, so putting this value in the above equation we get
So we assert the following: We see that the 3-dimensional f -Kenmotsu metric is a conformal Ricci soliton. By using (3.2) and (3.5), we get )) if and only if r = −2f (3f + 1).
